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We consider the control problem for a population dynamics model with age
dependence, spatial structure, and a nonlocal birth process arising as a boundary
condition. We examine the controllability at a given time T and show that
approximate controllability holds for every fixed finite time T. As a consequence a
new uniqueness condition continuation result is proved.  2000 Academic Press
1. INTRODUCTION
We consider a linear model describing the dynamic of a single species
population with age dependence and spatial structure.
Ž .Let u u x, t, a be the distribution of individuals having age a 0 at
d  4time t 0 and location x in , a bounded open set in  , d 1, 2, 3 ,
having a suitably smooth boundary . Thus
A†P x , t  u x , t , a da 1Ž . Ž . Ž .H
0
is the total population density at time t and location x, A being the†
Ž .maximum life expectancy of an individual. Let  a  0 be the natural
Ž .fertility rate and  a  0 be the natural death rate of individuals having
Ž .age a. We assume that the flux of population takes the form k u x, t, a
with k 0 and  the gradient vector with respect to the spatial variable.
Under these conditions the evolution of the distribution u is governed by
the partial differential equation
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 	see 10, 17 . The birth process is given by the renewal equation
A†u x , t , 0   a u x , t , a da, x , t 0. 3Ž . Ž . Ž . Ž .H
0
We assume no flux boundary conditions corresponding to an isolated
population
u
k x , t , a  0, x  , t 0, 0 a A ; 4Ž . Ž .†	
	 is the unit outward normal to  on  and the normal derivative.	
Ž . Ž .The dynamic of the solution to 2  4 starting at time t 0 from
u x , 0, a  u x , a , x , 0 a A , 5Ž . Ž . Ž .0 †
depends on the root r of the characteristic equation
aA†1  a 
 a exp ra da, 
 a  exp   s ds . 6Ž . Ž . Ž . Ž . Ž . Ž .H Hž /0 0
Ž . Ž . Ž .Then, when  verifies H below and u x, a  0 on  0, A , the1 0 0
Ž . Ž .large time behavior of the solutions to 2  5 is the following. For each
finite A, 0 A A ;†
  Ž .1. If r  0 then u . , t, .  0 as t.2, Ž0, A.
  Ž .2. If r  0 then u . , t, .  as t.2, Ž0, A.
 Ž . Ž . Ž .3. If r  0 then u . , t, .  C u 
 a as t, for some con-0
Ž .stant C u .0
  2Ž Ž .. Ž .Herein . is the norm in L  0, A . When u x, a  0 on2, Ž0, A. 0
Ž . Ž . 0, A then u x, t, a  0 for t a.0
For problems without spatial structure these results were conjectured in
 	  	15 ; a first proof was supplied in 7 and a more modern one is found in
 	  	17 . Using these results, a quick proof is given in 13 for homogeneous
Dirichlet boundary conditions, easily extendible to homogeneous Neu-
mann boundary conditions.
A natural question to address is the following: Is it possible to control in
Ž . Ž .a suitable fashion the dynamics of u, a solution to 2  4 ? An answer in
 	this direction is found in 11 for nonnegative data and homogeneous
Dirichlet boundary conditions; it is readily modified to cover the case of
homogeneous Neumann boundary conditions. Assuming that an external
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Ž .input f x, t, a is supplied, the new system becomes
 u  u k  u  a u f x , t , a , in  0, T  0, A ,Ž . Ž . Ž . Ž .t a x †
u x , 0, a  u x , a , on  0, A ,Ž . Ž . Ž .0 †
A†u x , t , 0   a u x , t , a da, on  0, T ,Ž . Ž . Ž . Ž .H
0
 u
k x , t , a  0, on  0, T  0, A .Ž . Ž . Ž .†	
7Ž .
First, when
r  0, f x , t , a  0, and u x , a  0, 8Ž . Ž . Ž .0
Ž .then the solution to 7 is bounded from below by the nonnegative solution
Ž . Ž . 2Ž Ž ..to 2  5 and therefore its L  0, A norm is still diverging. Then,
 Ž . Ž .when r  0 in order to prevent the decay to 0 of the solution to 2  5 , a
basic idea is to supply a nonnegative and periodic, in time, input of
individuals. Let T  0 be fixed; when
r  0, u x , a  0, f x , t T , a  f x , t , a  0, 9Ž . Ž . Ž . Ž .0
Ž . Ž .then the solution to 7 stabilizes as t toward a unique stable
nonnegative T periodic solution. Last, in the limiting case
r 0, u x , a  0, f x , t T , a  f x , t , a  0, 10Ž . Ž . Ž . Ž .0
2Ž Ž .. Ž .the L  0, A norm of solutions to 7 is still diverging.
In this paper we are not interested in large time controllability, i.e.,
Ž .asymptotic behavior of the solutions of 7 . Instead one wants to address
the following question: Given a fixed T 0 what is the reachable set
 Ž .4u . , T , . when f spans some prescribed functional space? A closely
Ž .related question is: Can the solution of 7 reach any given distribution
Ž .u x, a at time T upon choosing a suitable f ? More precisely let  be ad
non-empty open subdomain of  and let  be the characteristic function
Ž .of . Let u x, a be a given age and space dependent distribution ofd
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individuals. Given a positive and finite time T , can the solution to
 u  u k  u  a u in  0, T  0, A ,Ž . Ž . Ž .t a x †
 x , t , a  ,Ž . 
u x , 0, a  u x , a , on  0, A ,Ž . Ž . Ž .0 †
11Ž .A†u x , t , 0   a u x , t , a da, on  0, T ,Ž . Ž . Ž . Ž .H
0
 u
k x , t , a  0, on  0, T  0, A ,Ž . Ž . Ž .†	
satisfy
u x , T , a  u x , a , x , 0 a A , 12Ž . Ž . Ž .d †
upon selecting a suitable control  corresponding to an external supply or
to a removal of individuals on the subdomain ?
Ž .This may be a little bit too demanding; thus we shall transform 12 and
 Ž . Ž .require that u . , T , .  u . , . be as small as possible for2, Ž0, A.d
each 0 A A .†
2Ž Ž ..Let us denote by A the reachable set at time T in L  0, A ; thisd
is
A  u x , T , a;  ;   L2  0, T  0, A and Ž . Ž . Ž .Ž .d
u x , t , a;  solution of 11 .4Ž . Ž .
 	In a previous work 1 , we proved that
a
 2h x exp  s ds r a , h x  L  
 A ,Ž . Ž . Ž . Ž .H d½ 5ž /0
2Ž Ž ..where A denotes the closure of A in L  0, A . In this work wed d
Ž .improve this result and show the approximate controllability of 11 holds
2Ž Ž ..at a given time T ; this is A  L  0, A .d
To prove this, we first derive the optimality system. We obtain a
nonlocal adjoint system with a unique solution. We then apply the Hilbert
 	uniqueness method 14 . At this stage the question of controllability is
equivalent to the following nonlocal uniqueness theorem: Let  be a
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solution to
    k    a  x , t 0, 0 a A ,Ž .t a x
  x , t , 0  a ,Ž . Ž .
 x , t , A  0, x , t 0,Ž .
 x , t , a  0, on  0, T  0, A .Ž . Ž . Ž .
Is  identically zero?
We first show approximate controllability in a special case, namely when
 is a polynomial function. Then we use a continuity argument to
conclude in the general case.
2. ASSUMPTIONS AND DEFINITION
Let A be a finite positive number; one assumes the fertility rate  and†
the mortality rate  satisfy
Ž .  	  . Ž Ž ..H  : 0, A  0, continuous; 0max supp   A 1 † 0
A ;†
Ž .  	  . A† Ž .H  : 0, A  0, continuous; H  a da.2 † 0
Ž .The second condition in H means that each individual in the population2
dies before age A . Therefore it follows that approximate controllability†
2Ž Ž ..could not hold at age A ; this is in L  0, A .† †
Let  be a bounded open set in  d with a smooth boundary  so that
locally  lies on one side of . Next,  is an open subset of  having a
positive d-dimensional Lebesgue measure, such that 
 
;  is the
2Ž Ž ..characteristic function of . The initial data u lie in L  0, A .0 †
Ž . Ž .Last, an admissible control  on  0, T  0, A is a member of†
2Ž Ž . Ž ..L  0, T  0, A .†
Ž .For 7 and the associated backward problem we use the notion of
 	 1Ž .solutions considered in 9 , built on the first order Sobolev space H 
 1Ž .	and its topological dual space H  . These are measurable functions
Ž . Ž . 2ŽŽ . Ž . 1Ž ..u :  0, T  0, A  such that u L 0, T  0, A ; H † †
2ŽŽ . Ž .  1Ž .	. Ž .and  u  u L 0, T  0, A ; H  , weak solutions of 7 andt a † 1
Ž . Ž . Ž .7 in the usual integral form. Then, the initial conditions in 7 and 74 2 3
2Ž Ž .. 2Ž Ž ..make sense in L  0, A and L  0, T .†
As soon as u is smooth enough, e.g., u  0, solutions are smoother,0 0
2Ž Ž . Ž ..i.e.,  u  u and u are members of L  0, T  0, A . At a †
smoother u would make routine calculations much easier, but backward0
problems have non-smooth conditions at t T. In any case most computa-
tions can be first carried out with sufficiently smooth solutions and
completed via a density argument.
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Ž .Problem 11 being a linear one, one can make a translation of data and
Ž . Ž .assume that u x, a  0 on  0, A .0 †
3. APPROXIMATE CONTROLLABILITY AND
UNIQUE CONTINUATION
Ž .In this section one goes back to 11 and deals with the approximate
controllability problem. The main result of this paper is
Ž . Ž .THEOREM 3.1. Let H and H hold. Then, the system1 2
 u  u k  u  a u x , t , a  0, T  0, A ,Ž . Ž . Ž . Ž .t a x †
 ,
u x , 0, a  0, x , 0 a A ,Ž . †
A0u x , t , 0   a x , t , a da, x , t 0,Ž . Ž . Ž .H
0
 u
k x , t , a  0, x  , t 0, 0 a A ,Ž . †	
13Ž .
2Ž Ž ..is approximately controllable in L  0, A at any gien time T and for
each A  A A .0 †
The unique continuation result is found in Subsection 3.4.
3.1. The Optimality System
In this first subsection we heuristically derive the optimality system for
the optimal control problem upon using a penalization method as de-
 	scribed in 14 .
For each  0 we introduce the problem
1
2inf  dx dt daHž 2u ,  Ž . Ž . 0, T  0, A
1 2  u  u k  u  a u dx dt daŽ .Ž .H t a x  /2 Ž . Ž . 0, T  0, A
14Ž .
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under the set of constraints
u x , T , a  u x , a , x , 0 a A ,Ž . Ž .d
u x , 0, a  0, x , 0 a A ,Ž .
A0u x , t , 0   a u x , t , a da, x , t 0,Ž . Ž . Ž . 15Ž .H
0
u
k x , t , a  0, x  , t 0, 0 a A.Ž .
	
Ž . Ž . Ž .For each  0 there exists u ,  an optimal solution to 14 , 15 . Set 
1
   u   u  k  u   a u   .Ž .Ž . t  a  x    
The EulerLagrange equation is given by
  dx dt daˆH 
Ž . Ž . 0, T  0, A
   u  u k  u  a u dx dt da 0Ž .ˆ ˆ ˆ ˆ ˆŽ .H  t a x 
Ž . Ž . 0, T  0, A
16Ž .
for each  , u satisfyingˆ ˆ
u x , T , a  0, x , 0 a A ,Ž .ˆ
u x , 0, a  0, x , 0 a A ,Ž .ˆ
A0u x , t , 0   a u x , t , a da, x , t 0,Ž . Ž . Ž .ˆ ˆ 17H Ž .
0
 uˆ
k x , t , a  0, x  , t 0, 0 a A.Ž .
	
Then, after integrating by parts and letting  0, we find formally a
Ž .couple ,  such that
    k    a  x , t 0, 0 a A ,Ž .t a x
  x , t , 0  a ,Ž . Ž .
 x , T , a  g x , a , x , 0 a A ,Ž . Ž .
18Ž .
 x , t , A  0, x , t 0,Ž .

k x , t , a  0, x  , t 0, 0 a A ,Ž .
	
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where g is any function and
   on  0, T  0, A . 19Ž . Ž . Ž .
Ž . Ž .THEOREM 3.2. Let H and H hold. Let g be a gien function in1 2
2Ž Ž .. Ž . 2Ž Ž . Ž ..L  0, A . Then 18 has a unique solution in L  0, T  0, A .
Proof. Let  et where  is a real number such that ˜
A0 2Ž .H  a da. Then  is a solution to˜0
    k    a    in  0, T  0, A ,Ž . Ž . Ž .Ž .˜ ˜ ˜ ˜t a x
  x , t , 0  a ,Ž . Ž .˜
T x , T , a  e g x , a , on  0, A ,Ž . Ž . Ž .˜
 x , t , A  0, on  0, T ,Ž . Ž .˜
˜
k x , t , a  0, on  0, T  0, A .Ž . Ž . Ž .
	
2Ž Ž .. 2Ž Ž ..Let us denote by  : L  0, T  L  0, T , the mapping de-
Ž Ž .. Ž .fined by    ,     ,  , 0 , where  is the solution of the backward˜ ˜i i i
linear age dependent problem
      k     a    in  0, T  0, A ,Ž . Ž . Ž .Ž .˜ ˜ ˜ ˜t i a i x i i
  x , t  a ,Ž . Ž .i
T x , T , a  e g x , a , on  0, A ,Ž . Ž . Ž .i˜
 x , t , A  0, on  0, T ,Ž . Ž .i˜
˜
k x , t , a  0, on  0, T  0, A .Ž . Ž . Ž .
	
Then  is a contracting mapping. Actually, considering the equation
satisfied by    , multiplying it by    , and integrating by parts,˜ ˜ ˜ ˜1 2 1 2
after a few calculations one gets
2
   x , t , 0 dx dtŽ .˜ ˜Ž .H 1 2
Ž . 0, T
2A0H  a daŽ .0 2    x , t dx dt .Ž . Ž .H 1 2 Ž . 0, T
It suffices to invoke the fixed point theorem for contracting mapping to
conclude.
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3.2. Proof of the Approximate Controllability Result in the Case  a
Polynomial Function and  0
We begin with proving our main result in a special case.
Ž .PROPOSITION 3.1. Assume  a  0 and  is a polynomial function on
 	 Ž . N0, A , i.e.,  a   a   a  . Then the system0 N 1 0
 u  u k  u , 0 a A , t 0, x ,t a x 
u x , 0, a  0, x , 0 a A ,Ž .
A0u x , t , 0   a u x , t , a da, x , t 0,Ž . Ž . Ž .H
0
 u
k x , t , a  0, x , t , a   0, T  0, A ,Ž . Ž . Ž . Ž .
	
20Ž .
2Ž Ž ..is approximately controllable in L  0, A for each A, A  A A .0 †
Proof. Assume the result is false. There exists a function g, non-identi-
2Ž Ž ..cally zero, belonging to the orthogonal subspace in L  0, A of
 Ž . 2Ž Ž . Ž .. Ž .A  u x, T , a;  ;   L  0, T  0, A and u x, t, a;  a solutiond
Ž .4of 20 . Let  be the solution to
    k   x , t 0, 0 a A ,t a x
  x , t , 0  a ,Ž . Ž .
 x , T , a  g x , a , x , 0 a A ,Ž . Ž .
21Ž .
 x , t , A  0, x , t 0,Ž .

k x , t , a  0, x , t , a   0, T  0, A .Ž . Ž . Ž . Ž .
	
Ž . Ž .If one multiplies 21 by u a solution to 20 and integrates by parts one
obtains
 x , t , 0  a u x , t , a dx dt daŽ . Ž . Ž .H
Ž . Ž . 0, T  0, A
  dx dt daH
Ž . Ž . 0, T  0, A
 g x , a u x , T , a dx daŽ . Ž .H
Ž . 0, A
  x , t , 0 u x , t , 0 dx dt.Ž . Ž .H
Ž . 0, T
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Then for    one gets
 2 dx dt da g x , a u x , T , a dx da 0. 22Ž . Ž . Ž .H H
Ž . Ž . Ž . 0, T  0, A  0, A
Thus
 x , t , a  0 on  0, T  0, A . 23Ž . Ž . Ž . Ž .
Žn.Ž . Ž n n.Ž .Let us now set  x, t, a   a x, t, a with 1 nN 1. Then
 Ž N1. satisfies
  Ž N1.    Ž N1. x , t , a  0, T  0, A ,Ž . Ž . Ž .t a
Ž N1.k    0,x
Ž N1. x , t , a  0, x , t , a   0, T  0, A .Ž . Ž . Ž . Ž .
 	Using Mizohata’s Uniqueness Theorem 16 on the characteristic lines of
   , one deduces  Ž N1. 0; hence there exists  ,  , . . . ,  sucht a 0 1 N
Ž . Ž . N Ž . Ž .that  x, t, a   x, t a   x, t . Substituting this into 21 andN 0
equating the coefficients of equal powers in a, one finds
   k      , x , t 0;t N x N 0 N
 x , tŽ .N  0, x  , t 0,
	

   k    i 1     , x , t 0;Ž .t i x i i1 0 i
 x , tŽ .i  0, x  , t 0,
	

   k        , x , t 0;t 0 x 0 1 0 0
 x , tŽ .0  0, x  , t 0.
	
Ž .Consider  ,  the eigenvalues and a set of eigenvectors of  in j j j x
with homogeneous Neumann boundary conditions
 xŽ .j     , x ;  0, x . 24Ž .x j j j 	
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Then, for each i 0, . . . , N there exists  j, j 0, 1, 2, . . . , such thati
Ž .  jŽ . Ž . x, t Ý  t  x andi j0 i j
  j  k  j   j  , t 0,t N j N 0 n

j j j j   k   i 1     , t 0,Ž . 25Ž .t i j i i1 0 i

j j j j   k       , t 0.t 0 j 0 1 0 0
Set
  k 1 0  0 0 0 j
 k 2  0 01 j
 0 k  0 02 j
     C  andj
     
     
 0 0  k NN1 j  0 0  0 kN j
 j0
j1





 j t  eŽ tT .Cj j T , 0 t T .Ž . Ž .
Ž . Ž . N Ž .On the other hand one also has  x, t, A   x, t A   x, tN 0
Ž . 0 for each x and t 0, see 21 ; thus3
N  j t  0,  t 0, T ,Ž . Ž .Ž .1 A  A
and
N eŽ tT .C j j T  0,  t 0, T .Ž . Ž .Ž .1 A  A
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Then
 j T  0,  j 0, 1, . . . and  x , T , a  0;Ž . Ž .
Ž . Ž . Ž .this gives  x, T , a  g x, a  0 in  0, A , a contradiction.
3.3. Proof for the Approximate Controllability Result in the General Case
Set
1u x , t , a  
 a u x , t , a , x , t 0, and 0 a A;Ž . Ž . Ž .ˆ
Ž . Ž . Ž .
 a is given in 6 . Then, if u is a solution to 7 one may check that u isˆ
a solution to
ˆ u  u k u f x , t , a , x , t , a  0, T  0, A ,Ž . Ž . Ž .ˆ ˆ ˆ Ž .t a †
u x , 0, a  u x , a , x , 0 a A ,Ž . Ž .ˆ ˆ0 †
u x , t , 0 x , t 0,Ž .ˆ
A0 ˆ  a u x , t , a da,Ž . Ž .ˆH
0
 uˆ
k x , t , a  0, x , t , a   0, T  0, A ,Ž . Ž . Ž . Ž .†	
wherein
1fˆ x , t , a  
 a f x , t , a ,Ž . Ž . Ž .
1u x , a  
 a u x , a ,Ž . Ž . Ž .ˆ0 0ˆ a   a 
 a .Ž . Ž . Ž .
Due to the compactness of the support of u and  with respect to the0
age variable one still has
 2 2ˆu  L  0, A , f L  0, T  0, A , 0 A A ,Ž . Ž .Ž .ˆ Ž .Ž .0 † †ˆ C 0, A .Ž .†
ˆ  	Now,  being a continuous function on 0, A , given any positive number
0  1, there exists a polynomial function  with real coefficients
satisfying
ˆ     . 26Ž . , 0, A 	 0
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We introduce the modified problem
ˆ u   u  k  u  f x , t , a , x , t , a  0, T  0, A ,Ž . Ž . Ž . Ž .t  a  x  †
u x , 0, a  u x , a , x , 0 a A ,Ž . Ž .ˆ 0 †
u x , t , 0 x , t 0,Ž .
A0  a u x , t , a da,Ž . Ž .H  
0
 u
k x , t , a  0, x , t , a   0, T  0, A .Ž . Ž . Ž . Ž .†	
ˆLEMMA 3.1. Using preious notations for each gien f there is a constant
ˆ ˆŽ .C  C f ,  , T such that for 0 t T0 0
ˆ u . , t , .  u . , t , .  C   .Ž . Ž .ˆ  , 0, A 	Ž .2,  0, A 0 
˜ ˆProof. Set u u u and    ; then it follows˜ ˆ  
    k  u 0, in  0, T  0, A ,Ž . Ž .˜ Ž .t a x †
u x , 0, a  0 x , 0 a A ,Ž .˜ †
A0 ˜u x , t , 0   a u x , t , a da x , t 0,Ž . Ž . Ž .˜ H 
0
A0 ˆ  a u x , t , a da,Ž . Ž .˜H
0
 u˜
k x , t , a  0, on  0, T  0, A .Ž . Ž . Ž .†	
Ž . Ž .Integrating by parts over  0, t  0, A one gets
1 12 2u x ,  , A dx d u x , t , a dx daŽ . Ž .˜ ˜H H2 2
Ž . Ž . 0, t  0, A
  2 k u x ,  , a dx d daŽ .˜H
Ž . Ž . 0, t  0, A
1 2 u x ,  , 0 dx d .Ž .˜H2
Ž . 0, t
Using Holder and CauchySchwarz inequalities, the right-hand side of the¨
previous equality is bounded from above by
2 2
A A0 0˜ ˆ a u x ,  , a da   a u x ,  , a da d dx ;Ž . Ž . Ž . Ž .˜H H Hž /Ž . 0, t 0 0
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thus it is still less than
22˜ A  u . , . , .Ž . Ž . Ž . , 0, A 	 2,  0, t  0, A0 0 0
22ˆ   u . , . , . .Ž . Ž . Ž .˜ 2,  0, t  0, A2, 0, A 	 00
The inequality of Gronwall allows us to conclude that for 0 t T
ˆ   u . , t , .  u . , t , .  C   u .Ž . Ž .ˆ  , 0, A 	 2, Ž0 , T .Ž0 , A.Ž .2,  0, A 1  0
 	Using the maximum principle and a comparison theorem 9 one also
has
   m u  u ,2, Ž0 , T .Ž0 , A. 2, Ž0 , T .Ž0 , A.
where um is solution of
m m m ˆ  u   u  k  u  f x , t , a , x , t , a  0, T  0, A ,Ž . Ž . Ž . Ž .t a x †
mu x , 0, a  u x , a , x , 0 a A ,Ž . Ž .ˆ0 †
A0m ˆ u x , t , 0    1 x , t 0,Ž . H  , 0, A 	Ž .0
0
mu x , t , a da,Ž .
m u
k x , t , a  0, x , t , a   0, T  0, A .Ž . Ž . Ž . Ž .†	
This completes the proof of Lemma 3.1.
Ž .Let us denote by A  the reachable set at time T for a given birthd
function  and  0; let d be the usual distance
d A  , A Ž . Ž .Ž .d 1 d 2
 inf u  , T ,   u  , T ,  .Ž . Ž . Ž .2,  0, A1 2
Ž . Ž .u  , T ,  A  , i1, 2i d i
We then have
ˆ Ž .PROPOSITION 3.2. Let  be as aboe and let  be chosen as in 26 .
There exists a constant C such that for each  satisfying 0  1 one has2
ˆŽ Ž . Ž ..d A  , A   C  .d d  2
Proof. We can rewrite that
ˆd A  , A Ž .Ž .Ž .d d 
 inf u  , T ,  ;   u  , T ,  ;  .Ž . Ž . Ž .2,  0, A
 2Ž Ž . Ž .. ,  L  0, T  0, A
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Hence
ˆd A  , A Ž .Ž .Ž .d d 
 inf u  , T ,  ;   u  , T ,  ;  .Ž . Ž . Ž .2,  0, A
2Ž Ž . Ž ..L  0, T  0, A
The previous lemma allows us to conclude.
2Ž Ž ..End of the Proof of Theorem 3.1. We have A   L  0, AŽ .d 
2ˆ Žfrom Proposition 3.1; using Proposition 3.2 we deduce that A   L Ž .d
Ž .. 0, A .
3.4. A Unique Continuation Theorem
As a consequence of Theorem 3.1 one gets
THEOREM 3.3. Let  be a solution of
    k    a  x , t 0, 0 a A ,Ž .t a x
  x , t , 0  a ,Ž . Ž .
 x , t , A  0, x , t 0,Ž .

k x , t , a  0, x  , t 0, 0 a A ,Ž .
	
 x , t , a  0, x , t , a   0, T  0, A ;Ž . Ž . Ž . Ž .
Ž . Ž . Ž .then  x, t, a  0 on  0, T  0, A .
Proof. This is a corollary of the approximate controllability result and
of the theorem of Hahn Banach. Let  be as in the hypotheses of
2Ž Ž . Ž ..Theorem 3.3 and let  be any function in L  0, T  0, A . Multi-
Ž .plying the first equation of 11 corresponding to  by  and integrating by
parts, we obtain
 x , T , a u x , T , a dx daŽ . Ž .H
Ž . 0, A
  x , t , a  x , t , a dx dt da 0.Ž . Ž .H
Ž . Ž . 0, T  0, A
 Ž .From the approximate controllability result one deduces that u x, T , a,  ,
2Ž Ž . Ž ..4 2Ž Ž ..  L  0, T  0, A is dense in L  0, A . So one obtains
Ž . x, T , a  0 and so is  by Theorem 3.2.
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4. AN ALGORITHM TO DETERMINE THE CONTROL
 	Let r 0 be a fixed positive number. Following 8, 14 , for g in
2Ž Ž .. Ž .L  0, A and  the solution of 18 we introduce the functional
1 2  J g   da dt dx r gŽ . H 2, Ž0 , A.2
Ž . Ž . 0, T  0, A
 u x , a g x , a da dx.Ž . Ž .H d
Ž . 0, A
  Ž .PROPOSITION 4.3. Assume u  r. Then J . achiees its2, Ž0, A.d
2Ž Ž .. Ž .minimum alue at a unique g in L  0, A . Let  , u be the solutionˆ r r
of
    k    a  x , t 0, 0 a A ,Ž .t a x
  x , t , 0  a ,Ž . Ž .
 x , T , a  g x , a , x , 0 a A ,Ž . Ž .ˆ
27Ž .
 x , t , A  0, x , t 0,Ž .

k x , t , a  0, x  , t 0, 0 a A ,Ž .
	
and
 u  u k  u  a u x , t , a  0, T  0, A ,Ž . Ž . Ž . Ž .t a x †
  ,
u x , 0, a  0, x , 0 a A ,Ž . †
u x , t , 0 x , t 0,Ž .
A0  a u x , t , a da,Ž . Ž .H
0
 u
k x , t , a  0, x  , t 0, 0 a A .Ž . †	
28Ž .
 Ž . Ž .Then u  , T ,   u  ,   r, for each r 0.2, Ž0, A.r d
 Remark 4.1. If u  r it suffices to take  0 to get g 0.ˆ2, Ž0, A.d
Proof. We begin with supplying a related result:
LEMMA 4.2. The functional J satisfies
J gŽ .
lim inf  r . 29Ž .
 g g  2, Ž0 , A.2, Ž0 , A.
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Ž .Proof. Assume the result is false; there exists a sequence g inj j
2Ž Ž ..  L  0, A such that g  as j and2, Ž0, A.j
J gŽ .j
lim inf  r . 30Ž .
 gj 2, Ž0 , A.j
 Setting g  g  g , let  be the solution with g g . From the˜ ˜ ˜2, Ž0, A.j j j j j
Ž . Ž .sequence g one can extract a subsequence still denoted g weakly˜ ˜j j j j
2Ž Ž .. 2Ž Ž ..converging in L  0, A to some element g lying in L  0, A .˜
Ž . 2Ž Ž . Ž ..Now the sequence  is weakly converging in L  0, T  0, Aj˜ j
Ž .to  the solution of 18 with data g. In order to prove this, set  ˜ ˜ j
Ž .exp a  ,  being a nonnegative number; multiplying the equationj˜
satisfied by  with  and integrating by parts one obtainsj j
1 12 2 x , 0, a da dx  x , t , 0 dt dxŽ . Ž .H Hj j2 2
Ž . Ž . 0, A  0, T
2 2  k  da dt dx  da dt dxH Hj j
Ž . Ž . Ž . Ž . 0, T  0, A  0, T  0, A
21 exp a g x , a da dxŽ . Ž .˜Ž .H j2
Ž . 0, A
  a  x , t , 0  x , t , a da dt dx.Ž . Ž . Ž .H j j
Ž . Ž . 0, T  0, A
Using Young’s inequality one has
1 1
2 2 x , 0, a da dx  x , t , 0 dt dxŽ . Ž . .H Hj j2 2Ž . Ž . 0, A  0, T
2 2  k  da dt dx  da dt dxH Hj j
Ž . Ž . Ž . Ž . 0, T  0, A  0, T  0, A
1 2 C  C  x , t , 0 da dt dxŽ .Ž .H3 4 jž 2	 Ž . Ž . 0, T  0, A
	 2  x , t , a da dt dx .Ž .Ž .H j /2 Ž . Ž . 0, T  0, A
Upon choosing 	 0 sufficiently large and  C 	, one may conclude4
2 1Ž . ŽŽ . Ž . Ž ..that the sequence  is bounded in L 0, T  0, A ; H  andj j
2 1Ž . ŽŽ . Ž .  Ž .	 .  t  a is bounded in L 0, T  0, A ; H  .j j j
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Let us now consider the sequence defined by      ; let us also˜ ˜j j
introduce a set of test functions  satisfying the initial and boundary
Ž . Ž . Ž .conditions  x, 0, a  0,  x, t, 0  0, k x, t, a  0. Multiplying the	
equation satisfied by  with such a test function  and integrating byj
parts, one finds
     k   da dt dxŽ .H j t a x
Ž . Ž . 0, T  0, A
 g  g  x , T , a da dxŽ .˜ ˜Ž .H j
Ž . 0, A
  x , t , 0  x , t , a  a da dt dx.Ž . Ž . Ž .H j
Ž . Ž . 0, T  0, A
2Ž Ž . Ž .. Ž .Let  be the L  0, T  0, A weak limit of the sequence  ;j j
thus a continuity argument applied to the traces at a 0 allows us to
conclude that
     k   da dt dxŽ .H t a x
Ž . Ž . 0, T  0, A
  x , t , 0  x , t , a  a da dt dx.Ž . Ž . Ž .H
Ž . Ž . 0, T  0, A
Integrations by parts yields
    k    x , t , 0  a , x , t 0, 0 a A ,Ž . Ž .t a x
 x , T , a  0, x , 0 a A ,Ž .
 x , t , A  0, x , t 0,Ž .

k x , t , a  0, on  0, T  0, A ;Ž . Ž . Ž .
	
31Ž .
Ž . Ž . Ž .hence  x, t, a  0 in  0, T  0, A .
Ž .To get 30 one must have
1 2 lim inf g  da dt dx 32Ž .˜2, Ž0 , A.Hj j2
  Ž . Ž .g   0, T  0, A2, Ž0 , A.j
 bounded; and a necessary condition to get this is   0.˜ 2, Ž0, T .Ž0, A.
The unique continuation theorem proved in the previous section applies
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and we deduce that  0 and g 0. Now˜ ˜
J g 1Ž .j 2  g  da dt dx r˜2, Ž0 , A.Hj j g 2 Ž . Ž . 0, T  0, A2, Ž0 , A.j
 u x , a g x , a dx da,Ž . Ž .˜H d j
Ž . 0, A
Ž .which gives a contradiction to 30 because the first term is nonnegative
while the last one goes to 0 as j.
2Ž Ž ..LEMMA 4.3. For eery g L  0, A , g	 0, let  be the solution
Ž . 0 2Ž Ž .. Ž .of 18 . For eery   L  0, A , let  be the solution of 18 with
Ž . 0Ž . x, T , a   x, a , x, 0 a A. We hae
 J g x , a  0 x , a dx daŽ . Ž . Ž .H g
Ž . 0, A
  x , t , a  x , t , a dx dt daŽ . Ž .H
Ž . Ž . 0, T  0, A
g
0 r  x , a dx daŽ .H  gŽ . 0, A 2, Ž0 , A.
 u x , a  0 x , a dx da.Ž . Ž .H d
Ž . 0, A
Proof. This is left to the reader.
Ž .End of the Proof of Proposition 4.3. J . is a strictly convex and
2Ž Ž ..continuous function on L  0, A ; hence coercivity implies that it
2Ž Ž ..achieves its minimum value at a unique g in L  0, A . As g	 0ˆ ˆ
Ž   . Ž .because u  r , then  J g  0. From the previous lemmaˆ2, Ž0, A.d g
Ž . Ž .one can find    ,  a solution of 18 with  x, T , a Ž0, T .Ž0, A.
Ž . 0 2Ž Ž ..g x, a such that   L  0, A ,ˆ
 x , t , a  x , t , a dx dt daŽ . Ž .H
Ž . Ž . 0, T  0, A
gˆ
0 r  u x , a  x , a dx da 0,Ž . Ž .H dž / gŽ . ˆ 0, A 2, Ž0 , A.
Ž . being a solution of 18 as indicated in the statement of Lemma 4.3.
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Ž .Let us go back to 28 ; multiplying it by  , and integrating by parts one
2Ž Ž ..gets  L  0, A
u x , T , a  0 x , a dx daŽ . Ž .H
Ž . 0, A
gˆ
0 u x , a  r  x , a dx da.Ž . Ž .H dž / gŽ . ˆ 0, A 2, Ž0 , A.
Ž . Ž   .Hence u . , T , .  u  r g g . This completes the proof ofˆ ˆ 2, Ž0, A.d
Proposition 4.3.
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